Annals of Fuzzy Mathematics and Informatics
Volume 1, No. 2, (April 2011), pp. 153- 162 @]FMH
ISSN 2093-9310 © Kyung Moon Sa Co.

http:/ /www.afmi.or.kr http://www.kyungmoon.com

Fuzzy h-ideals extension in I'-hemirings

SuJiT KUMAR SARDAR, DEBABRATA MANDAL

Received 14 November 2010; Revised 23 December 2010; Accepted 25 December 2010

ABSTRACT. In this paper the concept of the extension of fuzzy h-ideals in
I'-hemiring is introduced and some of its properties are investigated. Spe-
cially we have studied the extension of prime fuzzy h-ideals in I'-hemirings
and gave its characterization.
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1. INTRODUCTION

Recently, there have been appearing several papers on fuzzy algebraic structure.
In algebra, semirings(hemirings) appear in a natural way in theory of automata, for-
mal languages, theoretical computer sciences etc.. These areas and fuzzy logic have
useful application in control engineering. This may be a reason why there have been
attempts to fuzzify basic concepts of semirings (hemirings) theory. The concept of
fuzzy set was introduced by Zadeh [14]. Jun and Lee [5] applied the concept of fuzzy
sets to the theory of I'-rings. The notion of I'-semiring was introduced by Rao [§]
as a generalization of I'-ring as well as of semiring. I'-semirings also include ternary
semirings and provide algebraic home to non-positives cones of totally ordered rings.
Henriksen [2], Tizuka [3] and LaTorre [6] investigated h-ideals and k-ideals in hemir-
ings to amend the gap between ring ideals and semiring ideals. These concepts are
extended to I'-semiring by Rao [§], Dutta and Sardar [I]. Jun et al. [4] and Zhan
et al. [I5] studied these ideals in hemirings in terms of fuzzy subsets. We ([10, [11])
extended these concepts to the theory of I'-hemirings. Motivated by Xie [13], as
a continuation of this we study the concept of the extension of fuzzy h-ideals in
I'-hemirings and investigate some of its properties.
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2. PRELIMINARIES

Definition 2.1. Let S and T' be two additive commutative semigroups with zero.
Then S is called a I'-hemiring if there exists a mapping SxI'x.S — S, (a, a, b) — aab,
satisfying the following conditions:

(i) (a+ b)ac = aac + bac,

(ii) aa(b+ ¢) = aadb + aac,
(iii) a(a + B)b = aab + afb,
(iv) aa(bBc) = (aad)fe,
(v) Osaa = 0s = aalg,
(Vi) aOFb = OS = bOFCL
for all a,b,c € S and for all a, 8 € I'. In addition, if I" is also S-hemiring, we call S
to be both-sided I'-hemiring. For simplification we write 0 instead of Og and Op. A
I-hemiring S is called commutative if aab = baa for all a,b € S and o € T'.

Throughout this paper S denotes a both-sided I'-hemiring with zero.

Definition 2.2. A left ideal A of a I'-hemiring S is called a left h-ideal if for any
z,z € Sand a,b € A,z +a+2z =b+2 = x € A. A right h-ideal is defined
analogously.

Definition 2.3. Let S be a I’-hemiring. A proper h-ideal I of S is said to be prime
if for any two h-ideals H and K of S, HT' K C I implies that either H C I or K C I.

Theorem 2.4 ([11]). If I is an h-ideal of a T'-hemiring S then the following condi-
tions are equivalent:

(i) I is a prime h-ideal of S.

(ii) If aT'STb C I then either a € I or b € I where a,b € S.

Definition 2.5 ([I2]). Let p and 6 be two fuzzy sets of a I'-hemiring S. Define a
generalized h-product of p and 6 by

porf(x) = sup[min{min{u(a;), pu(c;), 0(b:), 6(di) }}]

ot z": a;vibi +z = i: cidid; + z
i=1 i1

= 0, if x cannot be expressed as above
where x727ai7bi7ci7di € S and ’72761 S F7 for i = 1,2, e, M.

Definition 2.6. Let u be the non empty fuzzy subset of a I'-hemiring S (i.e. u(x) #
0 for some x € S). Then p is called a fuzzy left h-ideal [resp. fuzzy right h-ideal] of
S if

(i) p(z+y) = min{u(z), u(y)},

(i) w(zvy) = p(y) [resp. p(zyy) > p(z)] for all z,y € S,y €T,

(iii) For all z,a,b,z € S, x +a+ z = b+ z implies p(x) > min{u(a), u(b)}.
A fuzzy ideal of a I'-hemiring S is a non empty fuzzy subset of S which is a fuzzy
left ideal as well as a fuzzy right ideal of S. A fuzzy h-ideal p of S is called a fuzzy
h-bi-ideal, fuzzy h-interior ideal if for all z,y,z,a,b € S and «, 0 € ', p(zayfz) >
min{p(z), u(2)}, p(zayBz) > u(y), respectively. A fuzzy subset u of a I'-hemiring
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S is called fuzzy h-quasi-ideal if p satisfies (i) and (iii) along with the condition
(norxs) N (xsonp) C u, where xg is the characteristic function of S.

Now we recall following definitions and result from [7] for subsequent use.

Definition 2.7. Let p and 6 be two fuzzy sets of a I'-hemiring S. Define h-product
of p and 6 by

plpf(x) = sup[minfy(a), p(az),0(b1),0(b2)}]
r4a1vb1+z=a20ba+z
= 0, if  cannot be expressed as x + a1vb1 + z = a20bs + 2

for z,z,a1,a2,b1,b0 € S and v, € T.

Definition 2.8. A fuzzy h-ideal p of a T-hemiring S is said to be prime (semiprime)
if p is not a constant function and for any two fuzzy h-ideals ¢ and 6 of S, cT';,0 C p
implies that either o C por § C p (resp. 01,60 C p implies 6 C p).

Theorem 2.9. Let p be a fuzzy h-ideal of S. Then u is a prime fuzzy h-ideal of S
if and only if the following conditions hold

(i) pu(0) =1,
(i) Im p={1,a}, ac0,1),
(ii) po ={x €S : u(x) = p(0)} is a prime h-ideal of S.
3. Fuzzy h-IDEAL EXTENSION IN I'-HEMIRINGS

Definition 3.1. Let pu be a fuzzy subset of S and x € S. Then the fuzzy subset
< x,u > of S, defined by < z,u > (y) = in%u(mvy) for all y € 5, is called the
YE

extension of u by x.

Theorem 3.2. Let p is a fuzzy right h-ideal of S and x € S. Then the extension
< x,p > is a fuzzy right h-ideal of S.

Proof. Let p,q,a,b,z € S and 8 € I'. Then
<z,pu>p+q = ig%u(m(p +4q))
= inf p(zyp + x7vq))
yel
> inf min{u(zyp), p(zyq)}
e it "
min inf p(yp), inf j(27p)}
=min{<z,pu > (p), <z, 1> (g)}

Also,
<mz,pu>(pBq) = infpu(zypBq) > inf u(zyp).
~ver ~yel

Now let p+a+ 2z =b+ z. So, xyp + xya + xyz = xyb + xyz. Then
<w,pu>(p) = infpu(zyp)

~el’

> inf min{p(zya), p(zyb)}
~el

= min{inf inf b
min{inf p(zya), inf y(z70)}

=min{< z, > (a), <z, 1> (b)}

Hence < x, u > is a fuzzy right h-ideal of S. 0
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Note. If p is a fuzzy h-ideal of a commutative I'-hemiring S and = € .S, then the
extension < x,u > is a fuzzy h-ideal of S.

Proposition 3.3. If p;,i = 1,2,... be an arbitrary collection of fuzzy h-ideal of S,
then < x,Nw; > is also a fuzzy h-ideal of S.

Definition 3.4 ([I]). Let R and S be I'-hemirings and f : R — S be a function.
Then f is said to be a I'-homomorphism if
(i) fla+0b)= f(a)+ f(b),
(ii)) f(aabd) = f(a)af(b) for a,b € R and o € T,
(iii) f(Or) = 0g where O and Og are the zeroes of R and S respectively.

Definition 3.5 ([9]). Let f be a function from a set X to a set Y and p be a fuzzy
subset of X and o be a fuzzy subset of Y. Then image of u under f, denoted by
f(u), is a fuzzy subset of Y defined by

sup p(x) i f7Hy) # ¢
f) () ={ vef 1 (w)

0 otherwise

The pre-image of o under f, symbolized by f~!(o), is a fuzzy subset of X defined
by f~1(o)(z) = o(f(z)) for all z € X.

Proposition 3.6. Let f: R — S be a morphism of I'-hemirings.

(i) If ¢ is a fuzzy right h-ideal of S, then < z, f~1(¢) > is a fuzzy right h-ideal
of R, for any z € R.

(ii) If f is surjective morphism and p is a fuzzy right h-ideal of R, then < z,
f(u) > is a fuzzy right h-ideal of S, for any z € S.

Proof. Let f: R — S be a morphism of I'-hemirings.

(i) Let ¢ be a fuzzy right h-ideal of S. Then by Proposition 17 of [10], we have
f~1(¢) is a fuzzy right h-ideal of R. Now < z, f~!(¢) > is an extension of f~1(¢) in
R. So, applying Theorem 3.2l we obtain that < z, f~!(¢) > is a fuzzy right h-ideal
of R.

(ii) Since f is surjective morphism and p is a fuzzy right h-ideal of R, by Propo-
sition 17 of [10], we have f(u) is a fuzzy right h-ideal of S. Hence with the help of
Theorem 3.2 we get that < z, f(u) > is a fuzzy right h-ideal of S for any z € S. O

Proposition 3.7. Let p be a fuzzy h-ideal of S and x € S. Then the following
conditions hold

(i) pC<a,p>,
(i) < (zy)" o, pu >C< (xy) "z, > where y € T,
(iii) If p(z) > 0 then supp < x,p >= S where supp p is defined by
supp p={s €S :u(s)>0}.
Proof. (i) Let y € S. Now < x,u > (y) = ig?u(xyy) > u(y). Thus p C< z,pu >.
v
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(i) Let n be a positive integer and y € S. Then

(zy)"zvy)

(zy) (@) ayy)
(zy)" " tayy)
", p > (y).

< (zy)"z,p > (y) = infpu
yel
inf
i
> inf
> infp
=< (ay

Y

—_— o~~~

~—

So, < ()" o, p >C< (), 1 >.
(iii) Let p(z) > 0 and y € S. Then < x,pu > (y) = ig%u(m’yy) > p(z). Thus y €
¥

supp < x, > and consequently, S C supp < x,u >. Hence S = supp < z,pu >. O

Proposition 3.8. If u is a fuzzy h-bi-ideal of S then its extension by x € S, < x, u >
is also a fuzzy h-bi-ideal of S provided S is commutative.

Proof. Let p be a fuzzy h-bi-ideal of S and its extension by x € S is < z, u >. Since
i be a fuzzy h-bi-ideal it is sufficient to prove < z,pu > (pagfr) > min{< z,pu >
(p), < z,pu > (r)} for all p,q,r € S and o, 8 € T'. Suppose p,q,r € S and «, 5 € T.
Now

< x,p > (pagfr) = inf p(zypagfr) > inf p(zyp) =< z, 1 > (p).
yel’ vyel’

Also, < z,p > (pagfr) = in%u(xvpaqﬂr) > in%y(zvr) =< z,u > (r) (since S is
YE YE

commutative). Therefore < z,p > (pagfr) > min{< z,u > (p),< z,u > (r)}. So,
< x,p > is a fuzzy h-bi-ideal of S. O

Proposition 3.9. If i is a fuzzy h-interior-ideal of S then its extension by x € S,
< z,u > is also a fuzzy h-interior-ideal of S provided S is commutative and I' is
also a S-hemiring.

Proof. Let u be a fuzzy h-interior-ideal of S and its extension by x € S is < =, u >.
Then it is sufficient to prove < z, u > (pagfr) >< x,u > (q) for all p,q,r € S and
a, B €T'. Suppose p,q,7 € S and «, 3 € I'. Then

<z,p > (pagfr) = Wirelfru(mpaqﬂr)

= in% w(xyparBq) (since S is commutative)
yeE
= inf ,u(aj’y,q) (since T is also a S-hemiring)
v er
=<z,pn>(q).
Hence < x, p > is a fuzzy h-interior-ideal of S. O

Proposition 3.10. If u is a fuzzy h-quasi-ideal of S then its extension by x € S,
< x,p > is also a fuzzy h-quasi-ideal of S.
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Proof. Let p be a fuzzy h-quasi ideal of S and its extension by = € S is < z, u >.
Let p,a,b,z € S. Then

<z, (nonxs) N (xsonp) > (p) = irelfr((uom) N (xsoni))(zyp)
= 71161{; min{ (ponxs)(zyp), (xsonm)(zyp)}

< in§ min{ p(zyp), u(xyp)} (since p is a fuzzy h-quasi-ideal)
ye

= inf p(zyp) =<z, > (p).
yell

Also from Theorem [3.2] we have < z, 1 > (p+¢) > min{u(p), u(¢)} and p+a+ 2z =
g+ z implies < z,u > (p) > min{< x,p > (a),< x,u > (b)}. Hence < z,p > is a
fuzzy h-quasi ideal of S. O

Remark 3.11. We know that if p is fuzzy h-quasi-ideal of a I'-hemiring S it is also
a fuzzy h-bi-ideal. In previous proposition [3.10/ we show that its extension by any
element x € S, < x, u > is a fuzzy h-quasi-ideal also. Now it is a routine verification
to show that < z, u > is also a fuzzy h-bi-ideal of S provided S is commutative.

Proposition 3.12. Let p be a fuzzy h-ideal of S. Then for any x € S, < x, py > s
also a fuzzy h-ideal of S, where py is defined by py(xz) = p(x) — w(0) + 1.

Proof. Since u is a fuzzy h-ideal of S, by Proposition 25 of [10] we have p is also
a fuzzy h-ideal and hence by using Theorem 3.2l we deduce that < x, uy > is also a
fuzzy h-ideal of S. 0

Proposition 3.13. If i is a fuzzy h-ideal of S, then for any x € S, < x, ug,o >
is also a fuzzy h-ideal of S, where pg o(y) = Bu(y) +a, f € (0,1] and o € [0,1 —
sup{u(y) : y € S}H.

Proof. Since p is a fuzzy h-ideal of S, by Theorem 20 of [10] we have pgs o is also a
fuzzy h-ideal and hence by using Theorem 3.2/ we deduce that < z, g o > is also a
fuzzy h-ideal of S. 0

Proposition 3.14. If u and v are any two fuzzy h-ideal of S, then for any x € S,
< x,uXv > isalso a fuzzy h-ideal of S, where (uxv)(a,b) = min{u(a), u(d)}, a,b €
S.

Proof. Since p and v be any two fuzzy h-ideal of S, by Theorem 35 of [10] we
have p x v is also a fuzzy h-ideal and hence by using Theorem (3.2 we deduce that
< x, X v > is also a fuzzy h-ideal of S. 0

Theorem 3.15. Let u, v be any two fuzzy h-ideal of S and x,y € S. Then < z,u >
X < y,v > is also a fuzzy h-ideal of S.

Proof. Sincep and v be any two fuzzy h-ideal of S, by Theorem 3.2/ we have < z, n >
and < y,v > are fuzzy h-ideals of S. Hence by using Theorem 35 of [10] we deduce
that < z,u > X < y,v > is also a fuzzy h-ideal of S. O

Proposition 3.16. Let u be a prime fuzzy h-ideal of S. Then for all x,y € S,
ig%u(xvy) = max[u(x), u(y)]. Conversely, let u be a fuzzy h-ideal of S such that
by
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Im p={l,a},a €]0,1). If irégu(gmy) = max[u(z), u(y)] for all x,y € S then p is
8!
a prime fuzzy h-ideal of S.

Proof. Let pu be a prime fuzzy h-ideal of S. Then by Theorem 2.9/ we have, in% w(zyy) =
YE

1ora.
Case 1. Let max[u(x),u(y)] = 1. Then suppose that p(z) = 1. Consequently,
T € po. As po is an h-ideal of S, zyy € po for all s € S and v € I Thus

Virelfru(my) =1 = max[u(z), u(y)].

Case II. Let max[u(x), u(y)] = o Then u(z) = p(y) = a. This implies that
T,y & po. Since pg is a prime h-ideal of S, so zI'y & ug. Thus there exists some
v € T such that ay1y & po, ie., ulxyy) # 1. Therefore u(xy1y) = a. Thus
;ggu(xyy) = a = max[u(z), u(y)]. For the converse part, let z,y € S such that

2I'y C po. Then xyy € po for all y € I'. So inillu(as'yy) =1 = max[u(x), u(y)]. This
YyE

implies that either p(z) = 1 or u(y) = 1, i.e., either x € pg or y € pg. Consequently,
1o is a prime h-ideal of S by Theorem 2.4. Hence by Theorem 2.9, p is a prime
fuzzy h-ideal of S. 0

Proposition 3.17. If u is a prime (semiprime) fuzzy h-ideal of S then its extension
byx €S, <x,u>is also a prime (semiprime) fuzzy h-ideal of S.

Proof. Let p be a prime fuzzy h-ideal of S and its extension by x € S is < x, u >.
Let p,g € S and a € I'. Then

inf = inf inf
inf <z, p> (pag) Clygrgelru(mpaq)
= ig%{max(u(mvp), w(q))} (since  is prime)
v
= max{inf u(zyp), 1(q)}
~yel

= max{u(z), u(p), u(q)}
= max{max{u(x), u(p)}, max{u(x), u(q)}}
= max{ inf y(zyp), inf p(27q)}

=max{< z,1 > (p), < z,pu> (q)}

Similarly, we can prove the result for semiprime fuzzy h-ideal. O

Proposition 3.18. Let p be a prime fuzzy h-ideal of S and x € S. Then

<z p>(y) = inf [<aysdw,p> (y)]

~,8€T

forally e S.
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Proof. Let y € S. Then

inf [<azyséx, p> (y)] = inf VllnefFu(msch%y)
v,6€l v,8€T

= inf max{ju(aysde), u(y)] = max [ inf u(msaxm(y)]

v,8€r v,8€T

= max[max[u(z), u(x)], p(y)| = max|u(r), u(y)]
= inf plzyy) =<z, p> ().

This completes the proof. O

Definition 3.19. Let A C S and x € S. Then we define < z, A > as
<z,A>={yeS:al'y C A}.

Proposition 3.20. Let A be a non empty subset of S. Then < x,Aa >= Acy aA>
for every x € S where Ay denotes the characteristic function of A.

Proof. Let y € S. Then <z, g > (y) = ifellf,)\A(x’ﬂ/) =lor0 If<z, s>y =1
¥

then Ag(xyy) = 1 for all v € T. Thus ayy € A for all v € T, ie., al'y C A.

ie, y €< z,A >. Consequently Acy a>(y) = 1. So, < x,Aa >= Acgas. If

< x,Aa > (y) =0 then As(zyy) = 0 for some v € T'. So zyy ¢ A for some v € T.

Therefore 2I'y € A which implies that y ¢< z, A >. Thus Ac; a>(y) = 0. Hence
< x,A4 >= Acgz a>. This proves the proposition. O

Theorem 3.21. Let p be a prime fuzzy h-ideal of S and x € S be such that © & pqg.
Then < x,p >= pu. Conversely, let 1 be a fuzzy h-ideal of S such that Im p = {1, a},
a € [0,1). If <z, >= p for those x € S for which u(x) = «, then p is a prime
fuzzy h-ideal of S.

Proof. Let u be a fuzzy prime h-ideal of S. Then by Theorem 2.9,
(i) u(0) =1,
(ii) Im p={1,a} with a € [0,1),
(iii) po ={x € S : u(z) = p(0)} is a prime h-ideal of S.
Case L. If y € pg then xyy € pp forally € I'. So in{ﬂ,u(x’yy) = 1= u(y). Therefore
S
<z, U >=U.
Case II. Let y & po. Since g is a prime h-ideal of S and x,y & po, so 'y € po.
Therefore there exists some v € T' such that zyy & po. Therefore p(zyy) = . Thus

infp(zyy) = o = ply)

and hence < x, u >= p. Consequently, < x,u >= p for all x € py.
Conversely, let z,y € S. For the case p(x) = a, we have max{u(z), u(y)} = p(y).
Now u(y) =< z,p > (y) implies that max{pu(x), u(y)} = in?u(xvy). The case
yeE

w(xz) = 1 implies that x € pg. So xyy € po for all v € T'. Thus

Wiggu(my) = 1= p(z) = max{u(z), u(y)}-
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Thus in%u(gwy) = max{u(x), u(y)} for all 2,y € S. Hence by the converse part of
e
Theorem 3.16, p is a prime h-ideal of S. g

Theorem 3.22. Let p be a prime fuzzy h-ideal of S and x € S be such that x € pyg.
Then < z,p >= 1g.

Proof. Let u be a prime fuzzy h-ideal of S and y € S. Then xvyy € ug for all s € S
and for all y €T as x € pp. So <z, u > (y) = irel{;,u(awy) =1=1g(y) forally € S.
¥

Hence < z,u >=1g. O

Corollary 3.23. Let I be an h-ideal of S. If I is prime h-ideal of S then for z € S,
< x, A\ >= A; where x &€ I.

Proof. Let I be a prime h-ideal of S. Then A; is a prime fuzzy h-ideal of S. Now
x ¢ I implies that « & (Ar)o. Hence by Theorem [3.21, < =, A\; >= A;. O

Theorem 3.24. Let S be a commutative I'-hemiring and p be a fuzzy subset of S
such that < x,p >= p for allx € S. Then p is constant.

Proof. Let x,y € S. Then
w(y) =<z, pu> (y) = inf p(zyy)
~ver

= in? w(yvyzx) (since S is a commutative I'-hemiring)
YE

=<y,p> () = p(z).
Therefore pu(x) = p(y) for all x,y € S. Hence u is constant. O

4. CONCLUSIONS

Throughout this paper in some cases, we consider I'-hemiring S to be both-sided.
A careful reader may arise confusion to the definition of extension, in I'-hemiring
with T'-semigroup and may feel some difficulty when he/she read the paper taking
I'-hemiring S as one-sided. We can solve this problem if we replace Definition 3.1
by < z,pu > (y) = 1r61£ p(xzasyy). Then most of the above said results hold if we

a,yeD
change the proofs accordingly. This new definition will be more appropriate and be

fruitful in studying I'-hemiring via its operator hemirings. In our next paper, we
follow the above definition.
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